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Grouped Panels

= Linear panel data models

y,-t:%,-tﬁ,yl.—i—e;t, t=1,...,T7, i=1,...,N

= Group membership 7; € {1,..., G} is latent and needs to be estimated

> Examples: y; consumption, x; income; theory predicts different /3., marginal propensities
to consume for hand-to-mouth households. But who are the hand-to-mouth?

= Group-level parameters 31, ..., 8¢ conditional on given group membership ~

> Pre-defined v+ = potential misspecification bias

> Data-driven v = potential selection bias



Failure of Existing Approaches

= Conditional on group membership ~, decompose group-level estimation errors into
-1

ﬁg - 52 = Z 1{yi= g}Xit>(,-t Z 1{vi=g} [Xit%it(@slo - 52) + Xiteit:|
it

it

= Conventional asymptotic inference relies on = being fixed at the true ~+°
> Misspecification bias: 69@ #* ‘ﬁg

> Selection bias: +; a random variable depending on x;€;;

= The problem: lack of uncertainty quantification of ~!



Model-Based Clustering

= Model-based clustering provides the desired uncertainty quantification of

> Example 1: Bayesian clustering with Dirichlet-Categorical prior

> Example 2: Finite mixture models

= But it requires full distribution of the data:

> Example: the distribution of the error term ¢;;

> If misspecified, can we still learn the latent group structure?



Generic quasi-Bayesian framework for large classes of loss functions and priors
First result on consistency and contraction rate for quasi-Bayesian clustering
Bootstrap-based learning rate calibration to ensure coverage

Revisit heterogeneous wage cyclicalities: the group patterns cast doubt on

conventional shock amplification mechanisms



latent group heterogeneity

> Bonhomme and Manresa, 2015; Cheng et al., 2019; Liu et al., 2020; Su and Ju, 2018; Su et al.,
2016; Wang et al., 2018; Y. Zhang et al., 2019

Bayesian clustering

> Duan and Dunson, 2021; Ishwaran and James, 2001; Miller and Harrison, 2018; Ren et al., 2022;
Richardson and Green, 1997; Rigon et al., 2023; B. Zhang, 2023

Quasi-Bayesian inference
> Atchadé, 2017; Chernozhukov and Hong, 2003; Kim, 2002; Miller, 2021; Petrova, 2019

Heterogeneous wage cyclicalities and income risks

> Auclert, 2019; Bils, 1985; Busch et al., 2022; Figueiredo, 2022; Guvenen et al., 2014; Low et al.,
2010



Quasi-Bayesian Clustering
Framework



= Observe a p x 1 vector wj for unit i=1,..., Nand timet=1,..., T

= Each unit is associated with a parameter §; € R? of interest

= Assume that (; are grouped into G groups, represented by (3, )

> dG x 1 grouped parameter vector 3 = vec(fy, ..., B¢)

> N x 1 group membership vector v = (y1,...,yn)" with v, € {1,..., G}



= Frequentist clustering is given by
(8.9) = argmin L(3,)

> L(B,7) is a sample loss function

= Bayesian clustering is characterized by the posterior
mnT(8,77) o< T(WI[B, v)7(8,7)

> w(W|3, ) is the likelihood and 7(3,~) a prior



= Quasi-Bayesian clustering is characterized by the posterior
T ¥
mvt(B,7) o (exp [-NT L(B,7)])" 7(B,7)
> Why this form?

(B, 7) :argNmin/NT[(ﬁ,fy)ﬁ(ﬂ,'y)dﬁd’y + o HKL(7||7)

> What does ¢ do?

> Why need this?



= Quasi-Bayesian clustering is characterized by the posterior
+ b
TFNT(B7’Y) S8 (exp [_NT L(B"Y)])% ﬂ-(ﬁv’Y)

> Why this form?
> What does 1) do?
Controls the relative weight on the loss function

> Why need this?



= Quasi-Bayesian clustering is characterized by the posterior
— P
TFNT(B77) X (exp [_NT L(ﬁ~7)]) ﬂ-(ﬁv’Y)

> Why this form?
> What does 1) do?
> Why need this?

Quasi-Bayesian posterior generally leads to incorrect frequentist coverage



Special Cases

= Posterior mode recovers the K-means clustering if

> flat prior 7(3,v) o< ¢ >0

= Posterior mode recovers pre-defined grouping 7 if

> flat prior on coefficients m(3) o ¢ > 0 but hard constraint on grouping 1{~v =7}

= Posterior distribution recovers standard Bayesian clustering if

> (i(53,,) is the negative log-likelihood and v = 1



Linear Panel Data Model:
A Worked-out Example




Linear model yi = X, 3., + €it

Loss L(B,7) = w7 2ie(vit — Xie)?

Assume G is known and fixed. Set prior 7(3,~) = 7(8)n(7) where

1 = (n1,...,m¢) ~ Dirichlet(a),
vilm ~ Categorical(ni, ..., n¢),
ﬁg ~ N(/’L7Z)

Given =, denote N, the number of units in group g, Yz = (yi)iec, and Xz = (xj)icc,
the vectorized data assigned to group g
10



Algorithm 1: Blocked Gibbs Sampler

Given 1 > 0, iterate between

Sampling Group Membership Given 3. For i=1,... N, draw
Vi~ 7"-NT(’VI = g|16 X exp @Z)Z Yit — ,tﬁg g i+ a)
Sampling Grouped Parameters Given ~. For g=1,..., G, draw

Bg~ N(ii,X), [/ =S1[20YXg+ /T, E1=20X X+ *
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Comparison with K-means

= Consider the posterior odds ratio

ant(vi = J18)

] 2 |C'7_i‘ + «
7TNT(’YI —_ k‘,@) = exp [ UJZ Yit — ltﬁj (}/lt - )Jit/Bk) ) +In ——

|Ck7_," + «

= Key difference: quasi-Bayesian clustering updates group membership probabilistically
while K-means does so deterministically

= Useful when the sample loss is flat or full of local minima
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Learning Rate Calibration

= The loss function is a misspecified likelihood, so posterior inference is not correct

= The learning rate 1) can be calibrated to improve coverage

= Let ( = f(3,7) be the object of interest
> f(-,-) must be invariant to permutation of group labels
> Example 1: average effects ( = %,Zfil B,

> Example 2: ordered group parameters ¢ = (B5(1) - - -, Bo(c)) Where o: [G] — [G] is a
permutation such that 8,1) < ... < B4 (g)

13



Algorithm 2: Learning Rate Calibration

Given a target level € (0,1), and current learning rate Py

Bootstrap Quasi-Posterior.
Forb=1,...,B,
1 Sample with replacement from {(Y;, X;)}!, to obtain {(Y(-b),X(-b)) N

i i i=1

2 Sample {(B(b’"’),'y(b’"'))}ll\::l using Algorithm 1, /1), and bootstrapped data

3 Calculate ¢(bm) = £(3(b:m) ~(b:m)). set ((B) the posterior mode and

)

CS®) = [qa 2 ({¢B™} ), q17a/2({C(b’m)}m)] from posterior quantiles
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Algorithm 2: Learning Rate Calibration

Given a target level o € (0,1), and current learning rate )U)
Bootstrap Quasi-Posterior.

Calculate Empirical Coverage.

IAPw = %ZI{ZE CS(b)} where ¢ = ! Zc(b)
b b

Wl
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Algorithm 2: Learning Rate Calibration

Given a target level o € (0,1), and current learning rate 0
Bootstrap Quasi-Posterior.

Calculate Empirical Coverage.

Check Convergence.

If By, — (1 - a)| < 1, stop; otherwise go back to Step 1 with

YU = g0 (j+ 1)72(By - (1 - a))

14



—— b5 sample
—— 65 sam,

1

ple 2

(c) ¥ =025 (d) 1) =0.05

Figure 1: Learning Rate Calibration
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Table 1: Clustering Accuracy, RMSE, Band Ratio, and Coverage

2-10 2=20
Sample Size Metrics 7 7

QB KM QB KM
AC 79.96 82.89 54.20 58.65
BR 36.75 20.68 51.18 17.71
RMSE 30.19 2190 80.08 90.25
N=100, T=10 Coverage 96.56 74.39 97.44 34.33
RMSE (AE) 3.37 3.46 7.15 7.43

Coverage (AE)  98.00 - 97.50 -
AC 9453 94.64 6456 71.61
BR 2447 19.07 4226 16.68
RMSE 16.26  10.80 53.82 48.94
N =100, T=20 Coverage 96.06 89.00 98.06 52.50
RMSE (AE) 238 239 491 498

Coverage (AE)  96.33 - 97.50 -

DGP: y;; = )Jitﬁ'Y/' + €ity €ir RS N(0, o2). Nominal level for coverage: 95%.



Selection of G

= |n practice G is unknown and needs to be estimated from the data

= The quasi-Bayesian framework can easily accommodate this, by augmenting the prior:
(8,7, G) = n(v|G)m(B|G)m(G)

> Previous discussion is the same as 7(G°) = 1
> Example (Uniform): n(G) = ﬁ for G=1,..., Gmax

> Sample (3,7, G) from the augmented quasi-posterior

= Select G as the posterior mode

17



Asymptotic Properties




= Denote 0 = (3,7) € © and d(-,-) some (pseudo) metric on © x ©
= [1(+) prior, My7(-) posterior
= L(0) = L(0) the population loss

Assumption 1: (Identification)

inf  L(6) — L(6°) > ¥
9:d(|9n,60)>e() (67) > X(e)

Assumption 2: (Uniform Convergence)

sup |L(0) — L(0)| = op(1)
0cO

Assumption 3: (Prior Mass) For some non-stochastic sequence ¢yt

I ({‘9: L(@) - L(eo) < 6}) > ENT(E)
18



If for some § > 0
In ENT((S)

92(6)—0(1)—5+W

>0.

Then ]EOI'INT({G: d(@,@o) > 6}) — 0.

= {(€) measures the signal strength

= o(1) arises from uniform convergence

» En7(0) presents a tradeoff

> We would like § sufficiently small; but doing this inflates x7(0)

> In practice § determined by the loss function

19



Contraction Rate

Assumption 1: Identification {6: d(6,6°) > en7} C {0: Ln(0) — Ln(6°) > a(ent)}
a(e

Assumption 2: Uniform Convergence Py (supeee ‘LNT(Q) — LN(O)‘ > T’VT)) = byT

Assumption 3: Smoothness 0 < &y < oo such that |Ly(0) — LN(QN)‘ < Emd(9, ) for
any 0,0 € ©

Assumption 3: Prior Mass 1 ({0 d(6,6°) < en1}) > c(ent) for some non-stochastic
sequence cyT possibly depending on the sample size

If byt = 0p(1) and a(ent) + %W > 0, then
EolMnr ({6: d(6,6°) > ent}) — 0

20



Empirical Studies




Heterogeneous Wage Cyclicality

= Extensive empirical literature on heterogeneous wage cyclicality

= Dominant approach: group workers by observables

> Example: Poor households have high MPC & high risks (Patterson, 2023)

= Revisit using six waves of PSID data (1999-2009), estimate wage cyclicality
Inyie = Y3, + e

> Residualized on a large set of dummies: cohort, education, race, loc, fam size

21



Table 2: Household Characteristics (Quasi-Bayes)

Group 1 Group 2 Group 3
Age 45 45 45
Education 14 14 14
Family Size 4 3 4
Total Family Income 145120 117048 129835
Transfer Income 884 2565 3607
Labor Income (Head) 45069 73857 80745
Hours Worked (Head) 2253 2247 2170
House Value 244989 245389 309352
Stocks Value 9564 46405 99193
Pensions & Annuities 46000 46016 87341
Cash 27291 27924 49622
Bonds 12545 15270 22379
Financial Assets 228621 161973 280191
Total Assets 575585 318244 488282
Monthly Rent 8140 9659 14400
Total Consumption 40394 38204 40268
CS(Bg) (%) [17.19,43.72] [-6.53,-1.76]  [-49.73,-29.27]

» K-means

22



Existing methods that recover latent group structure suffer from bias and poor

coverage

This paper proposes a generic quasi-Bayesian clustering and provides statistical
rationale: consistency and contraction rate of quasi-posterior

> Easy to implement: blocked Gibbs
> Large class of loss functions: M-estimation, GMM, etc
> Large class of priors: mixture-normal, graphical sparsity etc

Bootstrap-based learning rate calibration significantly improves coverage

Application casts doubt on the hand-to-mouth story of shock amplification
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Thank youl!



Algorithm 3: Posterior Sampling with Unknown G

Given 1 > 0, do Blocked Gibbs

Sample Group Membership For i=1,... N
Let G = |C_;| be the number of groups when unit i is excluded. Sample ~; from

exp [— TYlir(Bg)] (|Cq—il + ) ge€{1,...,G}
exp [~ Tlir(g)] et ge{G+1,....G+H

Viv,6

mnt (Vilv-in B) o

Whenever g > G, a new (3, is sampled from its prior.

Sample Grouped Parameters as in Algorithm 1



Algorithm 4: Learning Rate Calibration with Unknown G

Given a target level o € (0,1), and current learning rate )

Bootstrap Quasi-Posterior.
Forb=1,....B,
1 Draw bootstrapped data {(Y<-b),X(-b)) N asin Algorithm 2

1 I

2 Sample {(,B(bvm),'y(bvm))}gzl using Algorithm 3, ©/U), and bootstrapped data

3 Let G be the set of group number in posterior samples, for each G € G: Calculate
¢b:m6) cS(b:6) 35 in Algorithm 2

Calculate Empirical Coverage for each G as in Algorithm 2, gives I@%G

Check Convergence for min{;, ¢} as in Algorithm 2 > back J



Linear Model: Identification

Loss function

)
L) = =303 (e~ %)’

=1 t=1
One identification condition is for any € > 0

x(€) > emin); >0

where ); is the smallest eigenvalue of E[x;x},]



M-estimation: ldentification

More generally, for loss function

1 N T
= ,\TZZ Wie, )
i=1 t=1

Identification requires that for any ¢ > 0

min inf E[ Wie; B hW,';O} =x(e) >0
/ IIB—530||2>ETZ ' (wiei )| | =€)



Linear Model: Uniform Convergence

One sufficient condition is to consider the convergence of individual loss: For any
€ >0, we have as N, T — oo,

Py | max sup
I peB

.
E3n A B )| 2 ) = k).

t=1
which in turn is determined by the rate at which
1 1 1
7_2 Xft)(ft — ]EX,‘t)Jit, TZ elt — EG’%, 7_2 Xit€it — 0
t=1 =1 t=1

—> We need primitive assumptions on the dependency and moments



M-estimation: Uniform Convergence

62, € Bforallg=1,...,G° where B is a convex compact subset of RY.

{Wit}¢=1,.. T are independent across i. For each i, it is stationary strong mixing with
mixing coefficient «j, and oo = max; «; satisfies a(7) < c,p” for some ¢, > 0 and
p € (0,1).

There exists a non-negative function M(-) such that supgep |h(w; 3)| < M(w), and
|h(w; B) — h(w; B)| < M(w)||3 — ]| for all 3,5 € B. Moreover, sup,-IE’l\/l(W,-t)‘q < cm
for some ¢y < oo and g > 6.

Assume that N2 = O(T9/?~1) where g > 6 is the same constant in 3.

Then for any € > 0, we have as N, T — o0,

.
ETZ h(wit; B) — Eh(wit; B)‘ > e) =o(N1).

Po <max sup
t=1

I peB




Assumption Mixture-Normal Prior

Assume finite mixture prior on the -y, and normal prior on 3, we have
€}) >exp[-C(NIn G +|Inel)]
}) >exp [-C(NInG® + |Ine])]

where

dws (0, 6) NZHm B2

d (9,5 = i By — ) [ By —
H(0,0) = max {ge{T?fGZ}ge{T.I.Tcl}Hﬁg ﬁg” EE{T?fcl}ge{T.I.Tcz}Hﬁg ﬁgH}

It does not restrict the excess loss L(f) — L(6°)! This is why smoothness
condition is required.



Assumption Group Structure

GO is fixed and ming;,é/HBg — B >0forall g /€ {l,...,G}.
Forall g€ {1,..., GO}, limn_ oo %Zfil 1{? =g} >n>0.
MG = k) > 0.

NH{C: |Cgl/N>0})=1.

N(Bg=pB|G=k =0for1<g<I<k

@ infy5_g0, - Ellir(5) = (B%)] > X() > 0.



Result M-estimation

i » identification » uniform convergence » group structure
Under Assumptions on CEENETY, CIEIEEEES @D and CEETETETD

for any € > 0, as N, T go to infinity
M ({C: d(6,6%) > €}) 20 (1)
for eyt = O(T71), as N, T go to infinity
Myr ({62 d(6,6°) > enr}) =% 0 (2)

for d(-,-) being dys and dp.



Empirical Results: K-means

Table 3: Household Characteristics (Quasi-Bayes)

Group 1 Group 2 Group 3 Group 4
Age 44 44 46 44
Education 14 14 14 14
Family Size 3 4 3 3
Total Family Income 123686 123952 110708 125468
Transfer Income 2459 2034 2154 5171
Labor Income 80504 70918 67832 80701
Hours Worked 2263 2191 2245 2246
House Value 254970 233456 242061 271904
Stocks Value 55928 47058 35643 75864
Pensions & Annuities 40637 44122 49785 63978
Cash 28568 32506 26542 34103
Bonds 19086 12487 13222 18781
Financial Assets 190936 182624 138470 208521
Total Assets 351140 360056 298291 368299
Monthly Rent 11014 8331 9040 12137
Total Consumption 38335 38148 37878 40352
CS(Bg) (%) [-15.67,-14.23]  [23.86,27.78] [0.77,1.93] [-41.44,-37.31]
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